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Abstract 
Aiming to the reliable estimates of the ionosphere differential corrections for the satellite navigation system in the presence of 
the ionosphere anomaly, a fault-tolerance estimating method, which is based on the distributed Kalman filtering, is proposed. 
The method utilizes the parallel sub-filters for estimating the ionosphere differential corrections. Meanwhile, an infinite norm 
(IN) method is proposed for the detection of the ionosphere irregularity in the filter processing. Once the anomaly is detected, the 
sub-filter contaminated by the anomaly measurements will be excluded to ensure the reliability of the estimates. The simulation 
is conducted to validate the method and the results indicate that the anomaly can be found timely due to the novel fault detection 
method based on the infinite norm. Because of the parallel sub-filter architecture, the measurements are classified by the spatial 
distribution so that the ionosphere anomaly can be positioned and excluded more easily. Thus, the method can provide the robust 
and accurate ionosphere differential corrections. 
Keywords: differential corrections; ionosphere anomaly; Kalman filter; fault-tolerance; fault detection 
1. Introduction1 
The ionosphere delay is the main error source of 
global navigation satellite system (GNSS) [1]. The wide 
area augmentation system (WAAS) should provide 
precise ionosphere correcting service for the civil avia-
tion users to guarantee the precise landing. The iono-
sphere delays on some pre-defined ionosphere grid 
points (IGPs) are regarded as the corrections for the 
users. Based on a permanent ground network consist-
ing of some precisely surveyed reference stations, the 
continuous tracking of the navigation satellites will be 
achieved by the receivers equipped at theses stations 
and some ionosphere pierce points (IPPs) are obtained 
from the receiver-satellite pairs. The ionosphere delays 
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on these IPPs are regarded as the measurements which 
are used to estimate the ionosphere delay of these 
IGPs. The users mitigate their ionosphere delay by the 
reception and utilization of the corrections. Thus, how 
to estimate these corrections accurately and robustly is 
the key point to provide ionosphere correcting service 
in the WAAS. In the traditional method, the correction 
on each IGP is determined using a linearly weighted 
combination from those measurements. The weighting 
factor is generally chosen as the inverse distance and 
elevation angle is also involved in the determination of 
the weighting factor. As the modest variation of the 
ionosphere delay, the filtering method is a feasible path 
to obtain the estimates. However, the behavior of the 
ionosphere is very complex and some anomalous 
events of the ionosphere have been observed [2]. These 
events may disturb the measurements so that the esti-
mates will be contaminated because of the poor fault- 
tolerance ability of current estimating method [3-5]. 
Utilizing the ionosphere measurements without neces-
sary knowledge about their quality, only a small num-
ber anomalous measurements can disturb the final es-
Open access under CC BY-NC-ND license.
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timates [6]. Unfortunately, how to maintain the esti-
mates to be stable under the anomalous events is still 
not taken into consideration. In order to promote the 
reliability of the estimatest, it is required to mitigate 
the influence from the ionosphere anomaly. The moti-
vation of this article is to design an available method 
to estimate the reliable ionosphere correction. There-
fore, an estimating algorithm based upon the distrib-
uted Kalman filter is proposed and the synchronal fault 
detection and exclusion are added to the algorithm. 
2. Estimating Model of Ionosphere Corrections 
The delays of IPPs are the samples of the iono-
sphere and the estimates of the ionosphere corrections 
are calculated from these samples. For an IGP, the 
ionosphere delays of the IPPs located in the four 
neighboring grids are viewed as the measurements to 
estimate the ionosphere corrections. So the four neigh- 
borring grids are modeled as four parallel sub-filters 
whose measurements are the ionosphere delays on the 
IPPs in each grid. 
Taking one sub-filter as an example, the sub-filter is 
modeled as 
, 1 1k k k k k− −= +x x wϕ              (1) 
k k k k= +z H x v                (2) 
where xk is the state vector, ϕ k,k−1 the state transition 
matrix, Hk the measurement matrix, zk the measure-
ment vector, wk and vk are white, zero-mean, uncorre-
lated noise elements and have the following covari-
ance matrix Qk and Rk: 
T( )k j k kjE = δw w Q              (3) 
T( )k j k kjE = δv v R               (4) 
where 
1 ( )
0 ( )kj
k j
k j
=⎧δ = ⎨ ≠⎩              (5) 
Eq. (1) gives a description of the system model and 
Eq. (2) is the measurement model. 
For a specific grid with four IGPs, the ionosphere 
delay and its temporal change rate of the four IGPs are 
defined as the state vector of the filter: 
T
1 2 3 4 1 2 3 4[ ]I I I I I I I I= & & & &x    (6) 
With the slow variation of the ionosphere delay, the 
ionosphere delay of a given IGP has a slight change 
during a short time interval. Thus, the state transition 
matrix is [7-8] 
4 4 4 4
, 1
4 4 4 4
k k
t× ×
−
× ×
Δ⎡ ⎤= ⎢ ⎥⎣ ⎦0
I I
I
ϕ             (7) 
where I4×4 is the 4×4 identity matrix and Δt the time 
interval between the two adjacent epochs. 
As the ionosphere delay of a given IPP can be de-
scribed with the weighting sum of the delay on the 
IGPs around it, the linear relationship between the 
measurement and the unknown variable is established 
and the measurement matrix of the filter is established 
according to the relationship [9]. 
The four sub-filters operate separately and the final 
estimates are from the combination with the individual 
outputs of each sub-filter. The architecture of the com-
bination is shown in Fig. 1. 
 
Fig. 1  Integration architecture of four sub-filters. 
In Fig. 1, x1, x2, x3 and x4 are the outputs from the 
four sub-filters, p1, p2, p3 and p4 the covariance matri-
ces of the four sub-filters. Based on these results from 
the sub-filters, the final estimate of ionosphere correc-
tion xg is incorporated as [10] 
1
g 1 1 2 2 3 3 4 4 g( )x p x p x p x p x p
−= + + +       (8) 
4
1
g
1
i
i
p p−
=
= ∑                (9) 
3. Detection Method of Ionosphere Anomaly 
The measurements are contaminated in the presence 
of the ionosphere anomaly. Thus, it is necessary to 
guarantee the fault-tolerance ability of the estimating 
method which means timely detection, position and 
exclusion of the ionosphere anomaly event. In order to 
maintain the detecting ability of the estimating algo-
rithm, the ionosphere anomaly event is regarded as the 
fault and the related fault-detecting scheme is intro-
duced to the filter. The fault-detection, which is syn-
chronized with the filter process, excludes the faulted 
sub-filter once the faults are detected in it. If one 
sub-filter is excluded from the filter, the ionosphere 
corrections are obtained by combining the outputs of 
other sub-filters. 
The conventional method of the fault detection in 
the Kalman filter is checking the consistency of the 
measurements. With the assumption that the time-pro- 
pagated state estimate , 1ˆk k−x  in the Kalman filter is 
unbiased estimate of the true state, the measurement 
prediction can be made 
, 1ˆˆk k k k−=z H x             (10) 
It is apparently that ˆkz  is an unbiased prediction of 
the true measurement with the unbiased estimate 
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, 1ˆk k−x , so a variable is constructed as follows: 
ˆk k k= −S z z                 (11) 
and the variable is modified as 
, 1ˆˆ ( )k k k k k k k k−= − = − +S z z H x x v      (12) 
Without the fault, Sk is a zero-mean variable which 
conforms to the Gaussian distribution. So the detection 
variable can be constructed as 
T 1
,k k k kA
−= sS SΣ               (13) 
where Σs,k is the covariance matrix of Sk and can be 
deduced as 
T
, , 1k k k k k k−= +s H P H RΣ           (14) 
Ak, which is the normalization of Sk, confirms to χ 2 
distribution. The threshold can be derived from the 
probability false alarm and the fault detection is 
achieved by the comparison between Ak and the related 
threshold. 
Usually, the algorithm has a timely response when 
detecting the step bias. However, it is insensible to the 
slowly growing bias. A new algorithm, on the basis of 
the infinite norm (IN), is proposed here. The test sta-
tistics involved in this algorithm are based on the 
shadow filter and the related variable is constructed as 
follows [11]: 
, , 1 0
1
ˆ
k
k i i
i
−
=
=∏sx xϕ           (15) 
where ,ˆ ksx  is the estimate deduced by the shadow fil-
ter and x0 the initial value of the state. It is apparent 
that the shadow filter is the sole recursive process with 
the system model so that it has nothing to do with the 
measurements. Taking the ionosphere anomaly into 
consideration, the output in the shadow filter is insen-
sitive to the measurements corrupted by the ionosphere 
anomalous event. Therefore, a new detection variable 
can be obtained 
,ˆk k k k= − sM z H x           (16) 
The mean value of  Mk is 
,ˆ( ) ( )k k k kE E= − =sM z H x  
,ˆ( ( ) )k k k kE − + =sH x x v  
,ˆ( ) ( )k k k kE E− +sH x x v          (17) 
In accordance with the system model, xk is modified 
as [12] 
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The covariance matrix PM,k is derived as 
T T
, [( ( ))( ( )) ] ( )k k k k k k kE E E E= − − = =MP M M M M M M  
T T T
, ,ˆ ˆ[ ( ) ][( ) ]k k k k k k k kE − + − +s sH x x v x x H v  (20) 
As ,ˆk k− sx x  is incorrelated with vk, so 
 T, ,k k k k k= +M sP H P H R           (21) 
PM,k can be deduced from the following shadow filter: 
T
, , ,ˆ ˆ[( )( ) ]k k k k kE= − − =s s sP x x x x  
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T
, 1 , 1 , 1 1k k k k k k− − − −+sP Qϕ ϕ          (22) 
The analysis above indicates that Mk conforms to 
the zero-mean Gaussian distribution with the covari-
ance matrix PM,k. In the presence of the ionosphere 
anomaly, the mean of Mk fails to maintain at zero. As a 
ramp trend, the ionosphere anomaly is hard to find 
because the amplitude of the fault is small. The infinite 
form of Mk is obtained as follows: 
|| ||k kλ ∞= M               (23) 
where λk is the maximum element in the vector Mk. It 
is apparent that λk is more sensitive to the fault. De-
fining λk as the jth element of Mk, its variance can be 
derived from the jth diagonal element of PM,k which is 
PM,k,(j, j). Then the standard deviation of λk is σλ,k= 
, ,( , )k j jPM . With the standard deviation, the normali-
zation of λk is 
,k k kλη λ σ=               (24) 
It can be proved that ηk conforms to the zero-mean 
Gaussian distribution. 
4. Determination of Decision Threshold 
In order to identify the faulted measurements in the 
filter, both the detection variable and the decision 
threshold are needed. The decision of the fault is based 
on the comparison of the variable and the threshold. 
The threshold is determined by the probability distri-
bution and the requirement of the detecting perform-
ance. The method proposed in the paper is called IN 
method and the conventional method is called meas-
urement consistency (MC) method. With different dis-
tributions of the detection variables, the threshold for 
the MC method and IN method is different. The detec-
tion variable within the MC method follows a χ 2 dis-
tribution with n degree-of-freedom which is the num-
ber of the measurements. Meanwhile, the test statistic 
involved in the IN method is a one-dimensional Gaus-
sian random variable. Thus, given the probability of 
false alert β, the threshold is deduced as follows: 
  2MC 1 ( )T nβχ −=               (25) 
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  IN 1T z β−=                 (26) 
where TMC is the threshold in the MC method and TIN 
the threshold for the IN method. The thresholds of the 
two methods are actually the confidence limit accord-
ing to their distributions. 
5. Simulation and Analysis 
To validate the performance of the detecting method, 
some simulations are conducted. The constellation of 
global positioning system (GPS) is simulated by the 
precise ephemeris. The reference station network con-
sists 27 sites in the mainland of China. 
The IGP, located at ( 35° N, 105° E ), is selected as 
the sample for our simulation. The date in our simula-
tion is April 12, 2008 and the start time is set at 00:00 
UT of this day. The simulation lasts for 720 s (12 min) 
with the time interval 1 s. The ionosphere delay is gen-
erated with the Klobuchar model [13]. 
The ionosphere anomalous event is simulated with 
the ionosphere threat model which models the anomaly 
as a ramp inclination in the delay [14-15]. 
F N F( ) ( ) ( )I t I t G t T= + −           (27) 
where IF(t) is the ionosphere delay after the fault oc-
currence, IN(t) the ionosphere delay in the normal pe-
riod; in order to evaluate the extent of the anomaly, G 
is used to stand for the ionosphere gradient in the time 
domain and TF the begin time of the anomalous event. 
As the IN method is based on the shadow filter, it is 
important to obtain an accurate system model. In other 
words, the estimates, which are solely deduced with 
the state transition matrix mentioned in Eq. (7), are 
maintained with adequate accuracy. The global iono-
sphere data file named as the ionosphere exchange 
format (IONEX) is applied to verifying the system 
model. The ionosphere delays provided by the IONEX 
files are regarded as the true value and the ionosphere 
delay derived based on the system model in Eq. (7) is 
compared with this true value. The results based on the 
IONEX data from 2007 to 2009 are shown in Table 1. 
Table 1  Error of the derived ionosphere delay 
Maximum/m Minimum/m Mean/m Standard error/m
0.037 6 0.011 5 0.023 7 0.005 4 
 
As shown in Table 1, the maximum of the predicting 
value does not exceed 0.040 0 m. That means the sys-
tem model has adequate accuracy to describe the 
change of ionosphere delay between two adjacent ep-
ochs and the precision of the shadow filter for the fault 
detection can be maintained.  
To assess the detecting performance of the iono-
sphere anomaly, the two methods (MC method and IN 
method) are tested separately. The ionosphere gradient 
involved in the simulation is set as three situations: 
0.05 m/s, 0.10 m/s, 0.20 m/s. The anomaly often hap-
pens in a small region, that means there are not a lot of 
measurements contaminated by the ionosphere anom-
aly. The contaminated measurement is located in the 
4th sub-filter and the begin time is set at 300 s. The 
detection results of the two methods are listed in 
Figs. 2-3. 
 
Fig. 2  Comparison of detection results under three anomaly 
gradients based on MC method. 
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Fig. 3  Comparison of detection results under three anom-
aly gradients based on IN method. 
The detecting performances of the two methods are 
shown in Figs. 2-3. As to the MC method, the decision 
thresholds for the four sub-filters are shown in Table 2. 
Table 2  Decision threshold of four sub-filters 
No. of sub-filter Detection threshold 
1 34.58 
2 45.32 
3 36.17 
4 49.78 
 
The threshold of the IN method is 3.06 as the test 
statistic in this method is a Gaussian random variable. 
It can be found from Figs. 2-3 that only detection 
curve in the 4th sub-filter exceeds the threshold. That 
means both the two methods can find the fault which 
exists in the 4th sub-filter. However, different methods 
have different reactions to the same fault. The time lag 
of the two methods is different. The time lag are listed 
in Table 3. 
Table 3  Time lag of different detection methods 
Time lag/s 
Gradient/(m·s−1) 
MC method IN method 
0.05 141 8.5 
0.10 75 4.0 
0.20 35 1.5 
 
The results in Table 3 indicate that the IN method 
has a better performance on time lag since it can re-
spond to the fault more quickly than the MC method. 
The output of the filter is tuned online by excluding 
the faulted sub-filter from the estimating process after 
the detection of the fault. The estimate is shown in Fig. 4 
and some statistics of the result are listed in Table 4. 
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Fig. 4  Comparison of estimates after isolating the anomaly. 
Table 4  Statistics of estimating error with different 
methods 
Maximum/m Mean/m Standard error/m
Gradient/ 
(m·s−1) MC 
method 
IN 
method 
MC 
method 
IN 
method 
MC 
method
IN 
method
0.05 1.483 0.053 0.302 0.023 0.295 0.026
0.10 1.185 0.021 0.313 0.056 0.198 0.055
0.20 1.031 0.032 0.183 0.001 0.182 0.056
Fig. 4 provides the error curve of the estimates when 
three ionosphere gradients are detected with the MC 
and IN methods respectively. The main statistics of the 
estimating errors with different detection methods are 
listed in Table 4. Because IN method has a more quick 
response to the ionosphere anomaly, the estimates can 
get a timely compensation after the occurrence of the 
anomaly. Apparently, the errors with the IN method 
has an obvious estimating performance promotion un-
der the comparison of three statistics of estimating 
errors: maximum value, mean value and standard error 
value. 
6. Conclusions 
It is necessary to mitigate the ionosphere effect on 
the GNSS signals for a high-precision navigation solu-
tion. In order to derive robust ionosphere corrections 
for the GNSS signal, a novel fault-tolerance method 
for estimating the ionosphere delay is proposed.  
In summary, the proposed method has the following 
features: 
(1) The method is based upon the distributed Kal-
man filters and the corrections can be obtained from 
the global estimation which is from the fusion of some 
parallel sub-filters. 
(2) The fault detection process is also performed 
within the filter and an infinite norm method is in-
volved for detecting the slowly-varying ionosphere 
anomaly. 
As the IN method is introduced in the filter, a more 
quick response to the ionosphere anomaly is acquired 
and the filtering estimates are tuned timely. Moreover, 
the anomalous measurements are easier to be indenti-
fied since they are classified with their spatial distribu-
tion by the distributed architecture of the filter. As the 
sub-filters impacted by the anomalous measurements 
are excluded from the final results, the estimates are 
compensated once the anomalous events are found in 
the filter. 
Based upon the results, it can be concluded the 
fault-tolerance method in the paper yields a significant 
improvement on the accuracy and reliability when es-
timating the ionosphere errors. 
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